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1 Background
Verification and analysis are very important topics in quantum programs
and circuits. To formally verify the characteristics of a quantum system,
we can represent properties of a quantum state by identifying some linear
subspace of the total space H containing the state. When the vector of the
quantum state is in the subspace, we say the state satisfies the subspace.
This idea can be generalized to a well-defined orthomodular lattice logic
system, called Birkhoff-von Neumann quantum logic. We write S(H) for the
set of subspaces of H, then (S(H), ∩, ∨, ¬) forms an orthomodular lattice.
The logic connectives conjunction and negation means the intersection and
orthocomplement of subspaces. The disjunction of two subspaces stands for
the larger subspace spanned by them. Unlike Boolean logic, the quantum
logic is not distributive between conjunction and disjunction.

You can find a detailed introduction and some examples in Section 5.1 of
[4].

2 Problems
1. In 2n-dimensional Hilbert space H, V1, V2 are subspaces stabilized by

Pauli subgroups ⟨g1, g2, · · · , gl⟩ and ⟨g′
1, · · · , g′

m⟩. Treat V1 and V2
as propositions of Birkhoff-von Neumann quantum logic, please give
algorithms to compute the stabilizer groups (if there are) of V1 ∩ V2,
V1 ∨ V2, and ¬V1, represented in the form of generators.

2. In Problem 1, we have found that V1 ∨ V2 is not always legal for sta-
bilizer formalism. That is, The disjunction of two stabilizer subspaces
may be not a stabilizer subspace, which always has 2k dimensions.
Alternatively, we have some other methods to represent a quantum
logic proposition by recording a set of orthonormal basis of the sub-
space. In this formalism, please give an algorithm to compute V1 ∨ V2.
What are the disadvantages of this method compared with the previ-
ous stabilizer-based method?

3. (Research level, optional) Chapter 6 of [2] gives some notions about
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quantum precondition. Using Birkhoff-von Neumann logic as the
assertion logic, could you specify the weakest precondition of A with
respect to program statements: (1) q := Uq; (2) if(□m · M [q] = m →
Sm)fi.
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Aochu Dai (dac22@mails.tsinghua.edu.cn)
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